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1. INTRODUCTION
Ž .Let K be a compact subset of C. C K is the set of all continuous
functions on K with values in C. P denotes the space of all polynomialsn
Ž .of degree n at most and P the set of all polynomials. Let f g C K . For
each k s 0, 1, 2, . . . , the minimax of f is given by
5 5E f s inf f y pŽ . ‘k
pgP k
and for each q ) 0 the q-minimax series of f is given by the expression
1rq‘
qS f s E f .Ž . Ž .Ýq kž /
ks0
We consider also the so-called g y q minimax series
1rq‘
g qy1 qS f s k q 2 E fŽ . Ž . Ž .Ýq , g kž /
ks0
Ž .with g G 0. In this paper we assume that q G 1. In such cases S fq, g
satisfies the triangular inequality and it is a norm in the appropriate vector
space.
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Ž .g qy1These weighted series with the Besov weights k q 2 appear in the
‘ w xnorm of the classical Besov space B ; see 2 . In fact,g , q
1rqq q
‘5 5 5 5f s f q S f .Ž .Ž .B ‘ q , gg , q
Other general weights can be also considered.
The aim of this paper is twofold. First, to prove that the vector spaces
C K s f g C K : S f - ‘ and f z s 0 ,Ž . Ž . Ž . Ž . 40, g , q q , g 0
with z a fixed point of K, are Banach algebras with the norm S . These0 q, g
algebras are termed Banach algebras of fixed point. Second, to prove that
‘ 5 5 ‘B K s f g C K : f - ‘Ž . Ž . 4Bg , q g , q
are also Banach algebras. The product in both cases is the punctual
product of a scalar multiple. The result implies in particular that the
‘ ‘ Žw x.classical Besov spaces B ’ B a, b are Banach algebras.g , q g , q
Ž Ž . .If K is an interval and g s q s 1, C K , S coincides with the0, g , q q, g
Ž . w xBanach algebra C , S obtained in 3 .0
Ž . Ž . ‘ Ž .Note that if g - 0 then S f - ‘ for all f g C K and B K sq, g g , q
Ž .C K .
This paper is organized as follows. In Section 2 some inequalities on
minimax values and a fundamental inequality on the g y q minimax series
of a product are proved. In Section 3 the convergence and Cauchy
Ž .sequences are characterized in the vector spaces C K , and then it is0, g , q
proved that they are Banach spaces. In this result the compactness of K is
essential. Finally, the fundamental inequality for the product obtained in
Ž . ‘ Ž .Section 2 is used in Sections 4 and 5 to prove that C K and B K0, g , q g , q
are Banach algebras with a pointwise product by a scalar multiple.
2. PRELIMINARY RESULTS
Ž . 5 5 Ž .PROPOSITION 1. i If f has a zero in K then f F 2 E f .‘ 0
Ž . q Ž . 2Ž qy1.w qŽ . qŽ . 5 5 q qŽ . 5 5 q qŽ .xii E fg F 2 E f E g q f E g q g E f .‘ ‘2 k k k k k
Ž .iii If f and g ha¤e zeros in K then
q 2Žqy1. q q q q q qE fg F 2.2 E f E g q E f E g q E g E f .Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 k k k 0 k 0 k
Ž .Proof. i Note that
5 5E f s f y c ,Ž . ‘0
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Ž .c being a certain constant. Let z g K such that f z s 0, then0 0
< < < < 5 5c s f z y c F f y cŽ . ‘0
and
5 5 5 5 < <f F f y c q c F 2 E f .Ž .‘ ‘ 0
Ž .ii Let p and q be the best polynomial approximations of f and gk k
respectively in P . Thenk
5 5 5 5E fg F fg y p q s f g y q q q f y pŽ . Ž . Ž .‘ ‘2 k k k k k k
5 5 5 5 5 5 5 5F f g y q q q f y p .‘ ‘ ‘ ‘k k k
On the other hand,
5 5 5 5q F g q E g .Ž .‘ ‘k k
Then
5 5 5 5E fg F f E g q g q E g E f .Ž . Ž . Ž . Ž .Ž .‘ ‘2 k k k k
Hence
q qq qy1 5 5 5 5E fg F 2 E f E g q f E g q g E fŽ . Ž . Ž . Ž . Ž .Ž . Ž .‘ ‘2 k k k k k
qqqy1 qy1 5 5F 2 E f E g q 2 f E gŽ . Ž . Ž .Ž .Ž ‘k k k
q
5 5q g E fŽ .Ž .‘ k
q q q2Žqy1. 5 5 5 5F 2 E f E g q f E g q g E f .Ž . Ž . Ž . Ž .Ž . Ž . Ž .‘ ‘k k k k
Ž . Ž . Ž .iii It follows from i and ii .
The next theorem is an important inequality for the S minimax seriesq, g
of a product. The structure of such an inequality is the key to the proof of
the inequality of the product for the Banach spaces considered here
Ž .Theorems 4 and 6 .
Ž . w Ž .xq 2Žqy1. w 5 5 q q Ž . 5 5 q q Ž .xTHEOREM 1. i S fg F 2 3 f S f q g S g if‘ ‘q, g q, g q, g
g q y 1 - 0.
Ž . w Ž .x q Ž g qy 1 . 2 Ž qy 1 .q g qy 2 w 5 5 q q Ž .ii S fg F 2 q 1 2 3 f S f q‘q , g q , g
5 5 q q Ž .xg S g if g q y 1 G 0.‘ q, g
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Ž .Proof. i Suppose that g q y 1 - 0.
Let us consider
1rq‘
g qy11 qS f s 2k q 2 E fŽ . Ž . Ž .Ýq , g 2 kž /
ks0
and
1rq‘
g qy12 qS f s 2k q 3 E f .Ž . Ž . Ž .Ýq , g 2 kq1ž /
ks0
Ž .g qy1 Ž .The weights k q 2 are decreasing. From Proposition 1 ii ,
g qy1 g qy1q 2Žqy1. q q2k q 2 E fg F 2k q 2 2 E f E gŽ . Ž . Ž . Ž . Ž .2 k k k
q qq q5 5 5 5q f E g q g E fŽ . Ž .‘ ‘k k
g qy12Žqy1. q qF 2 k q 2 E f E gŽ . Ž . Ž .k k
q qq q5 5 5 5q f E g q g E fŽ . Ž .‘ ‘k k
g qy1 q2Žqy1. q5 5F 2 k q 2 f E gŽ . Ž .‘ k
q qq q5 5 5 5q f E g q g E fŽ . Ž .‘ ‘k k
g qy1 q q2Žqy1. q q5 5 5 5s 2 k q 2 2 f E g q g E f .Ž . Ž . Ž .‘ ‘k k
Interchanging f and g, we obtain
g qy1 g qy1 q qq 2Žqy1. q q5 5 5 52kq2 E fg F2 kq2 f E g q2 g E f .Ž . Ž . Ž . Ž . Ž .‘ ‘2 k k k
Then
g qy1 g qy1 q qq 2 qy3 q q5 5 5 52kq2 E fg F2 3 kq2 f E g q g E f .Ž . Ž . Ž . Ž . Ž .‘ ‘2 k k k
Hence
q q q1 2 qy3 q q5 5 5 5S fg F 2 3 f S g q g S f .Ž . Ž . Ž .‘ ‘q , g q , g q , g
On the other hand,
q q qq 1 2 1S fg s S fg q S fg F 2 S fg .Ž . Ž . Ž . Ž .q , g q , g q , g q , g
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Then
q q q2Žqy1. q q5 5 5 5S fg F 2 3 f S g q g S f .Ž . Ž . Ž .‘ ‘q , g q , g q , g
Ž .Hence i follows.
Ž .ii g q y 1 G 0. Then
g qy1 g qy1q 2Žqy1. q q2k q 2 E fg F 2k q 2 2 E f E sŽ . Ž . Ž . Ž . Ž .2 k k k
q qq q5 5 5 5q f E g q g E fŽ . Ž .‘ ‘k k
g qy1 2Žqy1. q qF 2k q 4 2 E f E gŽ . Ž . Ž .k k
q qq q5 5 5 5q f E g q g E fŽ . Ž .‘ ‘k k
g qy12Žqy1.qg qy1 q qs 2 k q 2 E f E gŽ . Ž . Ž .k k
q qq q5 5 5 5q f E g q g E fŽ . Ž .‘ ‘k k
g qy1 q2Žqy1.qg qy1 q5 5F 2 k q 2 2 f E gŽ . Ž .‘ k
q q5 5q g E f .Ž .‘ k
On the other hand,
g qy1 g qy1 g qy1q q q2k q 3 E fg F 2k q 3 E fg F 4k q 4 E fgŽ . Ž . Ž . Ž . Ž . Ž .2 kq1 2 k 2 k
g qy1g qy1 qs 2 2k q 2 E fg .Ž . Ž .2 k
Then
q q1 g qy1 2S fg F 2 S fg ,Ž . Ž .q , g q , g
and
qq
g qy1 1S fg F 2 q 1 S fgŽ . Ž . Ž .q , g q , g
q qg qy1 2Žqy1.qg qy1 5 5 5 5F 2 q 1 2 2 f S f q g S fg .Ž . Ž . Ž .‘ ‘q , g q , g
Hence
q q qg qy1 Ž2qg .q q q5 5 5 5S fg F 3 2 q 1 2 f S g q g S f .Ž . Ž . Ž . Ž .‘ ‘q , g q , g q , g
COROLLARY 1. There exists a constant V ) 0 depending on g and q such
that
5 5 5 5S fg F V f S g q g S f .Ž . Ž . Ž .‘ ‘q , g q , g q , g
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Proof. It is clear from the above theorem that there exists a constant
K ) 0 depending on g and q such that
q q qq q5 5 5 5S fg F K f S g q g S f . 2.1Ž . Ž . Ž . Ž .‘ ‘q , g q , g q , g
Then
5 5 5 5S fg F V f S g q g S f ,Ž . Ž . Ž .‘ ‘q , g q , g q , g
1r qwith V s K .
3. CHARACTERIZATION OF CONVERGENCE AND
CAUCHY SEQUENCES
In this section we characterize the convergence and the Cauchy se-
quences in the norms S . In this sense, the following definition ofq, g
convergence of series will play an important role. We say that the series
 Ž .4S f converges uniformly in J iff for each « ) 0 there exists aq, g j jg J
Ž .k « g N such that0
g qy1 qk q 2 E f - « .Ž . Ž .Ý k
Ž .kGk «0
Ž .THEOREM 2 Characterization of Convergence and Cauchy Sequences .
 4‘ Ž .Let f ; C K .n ns0 0, g , q
Ž .  4‘ Ž .i f con¤erges to f g C K in the norm S if and only ifn ns0 0, g , q g , q
Ž .a f con¤erges to f in the uniform norm andn
Ž .  Ž .4‘b the series S f con¤erges uniformly in N.g , q n ns0
Ž .  4‘ii f is a Cauchy sequence in the norm if and only ifn ns0
Ž .  4‘ Ž .a f is a Cauchy sequence in C K andn ns0
Ž .  Ž .4‘b the series S f y f con¤erges uniformly in N = N.g , q n m m , ns0
w xProof. The proof is similar to that given for Theorems 5 and 6 in 3 for
the characterization of convergence and Cauchy sequences in the spaces
considered there.
Ž Ž . 5 5 ‘ .In order to prove that C K , ? is a Banach space the nextB0, g , q g , q
technical result is essential.
 4‘ Ž .PROPOSITION 2. If f ; C K con¤erges uniformly to f in K andn ns0 0, g , q
Ž . Ž . Ž .S f F M, n s 1, 2, 3, . . . , then S f F M and f g C K .g , q n g , q 0, g , q
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Ž . Ž .Proof. Clearly, f g C K , f z s 0, and0
5 5E f F E f y f q E f F f y f q E f for all k and n.Ž . Ž . Ž . Ž .‘k k n n n n k n
Fix « ) 0 and a natural number N. Then there exists n g N such that0
y1N
g qy1q5 5f y f F « k q 2 ,Ž .Ý‘n ž /
ks0
for all n G n .0
Then
N N
g qy1 g qy1qk q 2 E f F « q k q 2 E f F « q M .Ž . Ž . Ž . Ž .Ý Ýk k n
ks0 ks0
Since « is arbitrary, the left-hand side is F M.
Next, the following theorem will be proved. The compactness of K is
Ž .used in the proof. Indeed, C K is complete for the uniform norm, which is
Ž .not true in general for C X with X an arbitrary subset of C.
Ž Ž . .THEOREM 3. C K , S is a Banach space.0, g , q g , q
 4‘ Ž Ž . .Proof. Let f be a fixed Cauchy sequence in C K , S .n ns0 0, g , q g , q
 4‘ Ž Ž . 5 5 .From Theorem 2 f is a Cauchy sequence in C K , ? . Then there‘n ns0
Ž .  4‘exists f g C K such that f converges uniformly to f. Every Cauchyn ns0
sequence is bounded; then there exists a positive constant M such that
Ž . Ž .S f F M, for all n. From Proposition 2, S f F M - ‘. Theng , q n g , q
Ž . Ž .f g C K . We shall now prove that the series S f converges0, g , q g , q n
uniformly in N. Let « ) 0. There exists an n g N such that0
«
S f y f - , for all m , n G n .Ž .g , q m n 02
In particular,
«
S f y f - .Ž .g , q n n0 2
Ž .S f - ‘; then there exists a k g N such thatg , q n 0
«g qy1 qk q 2 E f - .Ž . Ž .Ý k n0 2kGk0
On the other hand,
Eq f F 2 qy1 Eq f y f q Eq f , for all k , n.Ž . Ž . Ž .Ž .k n k n n k n0 0
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Thus,
g qy1 qk q 2 E fŽ . Ž .Ý k n
kGk0
g qy1qy1 q q qy1F 2 S f y f q k q 2 E f - 2 « , zŽ .Ž . Ž .Ýg , q n n k n0 0ž /
kGk0
for all n G n .0
 4Let J s 1, 2, . . . , n y 1 . For each j g J there exists a k such that0 j
g qy1 q qy1k q 2 E f - 2 « .Ž . Ž .Ý k j
kGk j
 4Set r s max k , k , . . . , k . Then0 1 n y10
g qy1 q qy1k q 2 E f - 2 « , for all n.Ž . Ž .Ý k n
kGr
 4‘ Ž .From Theorem 2 f converges to f in the norm S . Then C Kn ns0 g , q 0, g , q
is a Banach space.
Ž .4. THE BANACH ALGEBRAS C K0, g , q
w xTHEOREM 4. Theorem exists a constant K g , q ) 0 such that
w xS fg F K g , q S f S g , for all f , g g C K .Ž . Ž . Ž . Ž .g , q g , q g , q 0, g , q
Ž . Ž .Proof. Let f and g g C K . Then from Proposition 1 i and Corol-0, g , q
lary 1 we have
5 5 5 5S fg F V f S g q g S fŽ . Ž . Ž .‘ ‘g , q g , q g , q
F V 2S f S g q 2S g S fŽ . Ž . Ž . Ž .g , q g , q g , q g , q
s 4VS f S g .Ž . Ž .g , q g , q
 q Ž . Ž . Ž .Let g s inf c g R : S fg F cS f S g for all f , g gg , q g , q g , q
Ž .4C K . Then g F 4V.0, g , q
Ž .THEOREM 5. C K is a Banach algebra with the product f ? g s fgrg .0, g , q
Proof. Note that
1
S f ? g s S f S g F S f S g .Ž . Ž . Ž . Ž . Ž .g , q g , q g , q g , q g , qg
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‘ Ž .5. THE BANACH ALGEBRAS B Kg , q
The convergence and Cauchy sequences are characterized in the same
Ž Ž . . Ž . ‘ Ž .manner as they were for C K , S Theorem 2 . Therefore, B K0, g , q g , q g , q
is also a Banach space.
w xTHEOREM 6. There exists a constant L g , q ) 0 such that
5 5 ‘ 5 5 ‘ 5 5 ‘ ‘w xfg F L g , q f g , for all f and g g B K .Ž .B B B g , qg , q g , q g , q
Ž .Proof. From 2.1 ,
q q q q qq q q5 5 5 5 5 5 5 5 5 5fg q S fg F f g q K f S g q g S fŽ . Ž . Ž .‘ ‘ ‘ ‘ ‘g , q g , q g , q
q qq q5 5 5 5F M f q S f g q S gŽ . Ž .‘ ‘g , q g , q
 4with M s max 1, K .
Then
5 5 ‘ 1r q 5 5 ‘ 5 5 ‘fg F M f g .B B Bg , q g , q g , q
 q 5 5 ‘ 5 5 ‘ 5 5 ‘ ‘ Ž .4Let d s inf c g R : fg F c f g for all f , g g B K .B B B g , qg , q g , q g , q
THEOREM 7. B‘ is a Banach algebra with the product f ? g s fgrd .g , q
Proof. Note that
5 5 ‘ 5 5 ‘ 5 5 ‘f ? g F f g .B B Bg , q g , q g , q
Ž . 5 5 ‘Remarks. For each z g K, in C K the norms S and ? areB0 0, g , ‘ g , q g , q
equivalent.
Ž .Note that if f g C K then0
5 5 q q q q 1yg q qf F 2 E f F 2 ? 2 ? S f ,Ž . Ž .‘ 0 g , q
then
q 5 5 q ‘ q 1yg q qS f F f F 1 q 2 ? 2 ? S f .Ž . Ž . Ž .Bg , q g , qg , q
A study of the dependence of the constants g and d on the underlying
w xcompact K is an open question. In the case that K is an interval a, b ,
such constants are independent of a and b, i.e., they are constants in
w xconnection with a polynomial approximation in an interval a, b in R,
which depends only on the polynomials.
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